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nth symmetrized powers of space group representations:
subgroup formulae

DH Lewis

Department of Applied Mathematics, University College of North Wales, Bangor,
Caernarvonshire, UK

MS received 11 January 1972, in final form 21 September 1972

Abstract. The paper outlines a full group method to obtain subgroup formulae enabling
one to calculate nth symmetrized powers of space group representations. Attention is given
to the practical cases of n = 2, 3, and a comparison drawn with work of Bradley and Bradley
and Davies on direct and symmetrized squares.

1. Introduction

The object is to present subgroup formulae enabling one to calculate nth direct and
symmetrized powers of space group representations by using a full-group formulation.
The special cases of n = 2, 3 are examined as special cases of the general theory, and as
yet are the only powers which are specifically used in physical situations to determine
selection rules, for instance intervalley scattering, the Raman effect, and the Landau
theory of second order phase transitions, which requires one to evaluate symmetrized
cubes and antisymmetrized squares.

A comparison is drawn in the n = 2 case with the subgroup method given by Bradley
(1966) and for symmetrized squares by Bradley and Davies (1970).

2. Notation

It was thought advisable to give a preliminary list of the notation adopted. For com-
pleteness some relevant information and definitions are also given.

D’;, is the pth irreducible representation of a space group based on the wavevector &
in the Brillouin zone.

X% is the character of the representation Dj.

G* is the group of the wavevector &, and is usually termed a ‘little’ group.

A’; is the pth irreducible ‘small’, or allowed representation of the little group G* of k.

Y% is the character of Ak,

D% = (A} 1 G), where 1 symbolizes the process of induction (see Bradley 1966).

R is a typical space group element and can be written as R = (S|t + 1), in the Seitz
notation.

te T, the abelian group of lattice translations; T = G* for all k, and 14 is the
associated nonlattice translation.
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126 D H Lewis

The standard formula linking the full group and the subgroup characters is given by

X';(R) = Z ‘V;(O‘i— 1Rai)J:i(R)

where the sum is taken over all the coset representatives of G* in G. y/&a™'Ra) = ¢4 ,(R)
in shorthand notation.
. =1 if «”*Ra e G, that is (¢t,) " }(S|t,+ 8)(alt,) € G*
JZ(R) .
=0 otherwise.

If A is a set, then define 4 by the isomorphism A = A/T, that is (S|tg+1¢) € A implies
SeAd. If Aisa group, 4 is termed the little cogroup.

|A| is the order of the group (set) A.

Given the coset expansion G = X,o,G*, then the set {ak} is called the star of &,
denoted by *k, and is a set of |G|/|G¥ nonequivalent wavevectors.

Two wavevectors hand k are equivalent, h = k, ifand only if they differ by a reciprocal
lattice vector K.

hi® %k, ® ... Q *k, = In*lis a set S of wvsks (wavevector selection rules),
n, being the frequency of *I A typical member of S is ok, +ok, + ... +o,k, =1
Here the o, are arbitrary coset representatives of G* in G.

ook, +oky+ ... ok, —h =1 ifand only if ok, +ok, + ... +ak, =1
=0 otherwise.

The notion of a double coset HxK, with H, K both subgroups of G is explained
in Bradley (1966). We would like to emphasize that whenever a double coset appears in
the following text, it is taken from a double coset decomposition with respect to G.

3. nth power direct products

3.1. Derivation of method

We examine the set S of WVSRs
), ® %k, ®...® *k, =) ntl
{

and show how they can be combined into subsets by using various double coset expan-
sions with respect to G, the full space group.
Choose an arbitrary member of S

aky ok, + . ok, =) ak =1 (1)
and form the expansion

A = ZZ”(A /\ N«zlaz...d")

where N, ., ., = Gh A G2 A ... A G = Nj_, G& = N, with the convention z, = e,
the identity. 4 is a subgroup of G.

Definition 1. Two WvsRs Z;ou.k; = [ and Zck; = I' are equivalent if and only if

ok, = ok for all §, and I = /. Otherwise the WvsRs are termed distinct.
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Definition 2. Given a group A4, and a particular set of coset representatives {z,} with
respect to A A N, then the set of wvsrs obtained by operating with the z, on wvsr (1)
is called the ‘derived set’ of the ‘leading’” wvsr (1).

Lemma 1. Any member of the ‘derived set’ could be taken as a leading wvsRr, and
the same derived set would result.

Proof. Take as ‘leading’ WvsR z,Z,a;k; = z,/ and thus form the expansion,

A=Y o A AN
P
cgpz_n(Eiaiki)E w,z,} can be rewritten as z,,(Z;ak;) = z,,l, where z,, € {z,} for each p,
giving the same derived set.

Lemma 2. The members of a derived set are mutually distinct, that is there are
|AI/JA A N,| = d, = dy,q, ... 4, distinct WVsRs in the derived set.

Proof. Assume the contrary, then for z,,z,e{z}, we have z,Zok; = z,Z,0.k;
implying z; 'z, € N,, a contradiction.

Thus the expansion 4 = £_z (A A N,) generates d, distinct wvsrs, which are of
course dependent on the choice of 4.

This motivates the classification of all members of the set S of selection rules by using
such expansions.

Now examine the nature of the terms in the original set. To this end consider the
expansion

A=Y a4 A Gh) 2
with |A]/|4 A G¥| =d,.

Lemma 3. Let P,Q = G,P = Z,p,(P A Q,), 0, = d,0d; !, then the |P[/|P A Q]
left cosets of Q in the double coset Pd,Q (with respect to G) are those generated by the
set {p,} operating on 4,0, and in particular we can write Pd,Q = Pd,Q N Z.p.d,Q (see
also Bradley 1966).

As a result of lemma 3 we write

Ao, G* = Aa;G** A Y a;0,G*
7

theset {a,},a, = e, of coset representatives operating on o, G** generates the same cosets
as are contained in the double coset Ax,G*'.
This set {a,} can be used to generate d, distinct Wvsrs from (1), that is

{al ; oc,-k,-} = {a,]} 3)

noting that all cosets of G** (members of the star of k,) generated in the double coset
Ao, G** are used up in (3).
Put o,a; = o,; with a,; = o; = «;. Thus consider
daz
(AAGH) =) a4 NG AGE) : (4)

u=1
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for fixed 4. Using lemma (3) again

daz
) quz =(4 A GL‘L)O(HG"Z A Z aau(axdeh) (5)

u=1

(A A G*

%21

that is the set {o;,} generates d,, distinct cosets from o,;,G** being the same left cosets
contained in the double coset (4 A G¥! )x,,G*2.

Also
g — A A GE | _ |A A Gy e d =
RTIAANGE ANGE]TIANGE AGR T T
that isd,, = d, is independent of 4.
Note that
(A A G )a;5G* = (4 A a,G4a; Na,0,G* = a,[(A A GE)e, G
dz
= al[(A A GEY A Z alﬂ,csz"{|. 6)
u=1

Hence from (5), the set of d, cosets of G** generated from a,2,G** by {a,,}, that is
{a;,a,2,G*} is the same as the set generated in (6), a,{a,,«,G**} = a,{a,,®,G*}.

Without loss of generality we can make the identification a;a,, = a,,4;,, that is
a;, = a;a,,.a7 ' € G& . Using the set {a,,} for each a;, we generate d, new distinct
WVSRS, that is

a1a1k1+{awa, Y ock} = {a,,a,1}.
=2
Set a,,a;0; = a;,;. Note again, that for the terms {a,,a,0,k,} the members of the star
generated by the a,, are exactly equivalent to the cosets generated in the double coset
(4 A G¥ )o,,G* which is in turn equal to a,((4 A G¥)a,G*?) giving a very convenient

link, as of course
Zocl{(A A Gf,fl‘)och"z} = (Zal(A A Gf,fj )och"2 = Ax,G*. (7
A A

We now examine the pth step in this procedure. For notational purposes adopt
v, &, o as the (p—2)th, (p— 1)th and pth symbols in a string of Greek letters.

Definition 3.
Ao A Ghe-t

XoprvevEp-1°

ME~L, = A A GE A GR

axt TAp2

Definition 4.

A eo@ap.vei = Xap. oi-

For notational convenience we shall denote a string of Greek symbols by bracketing
the last member, for example a;, = LIPS ME7 D = ME™Y, etc. This convention will
be used only when no confusion can arise.

Consider

dig)p

ME D = Z a4e)(ME™ A Gk ®)

2&)p
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in relation to the double coset (M~ Yot ,G*2. Using lemma 3

digyp

(ME™ Ve, G*» = (ME™ oy, G*7 A Z (5%, G** ©)

that is the d, left cosets of G*» are generated by the {a,,} operating on a,,G*», so
for fixed (&), d g, cosets (members of *k,) appear in combination with

agytsky +ag00,00k,+ ) - QAo - 1K,y

Lemma 4.

M@ = agaq, .. awanMP Haglag) .. ag'ag'
Proof.
MEg)—I A /\ G:(ll)l /\ C;g(2 )2 /\ /\ C;:&)P1 1

= AN ag

= I k kp-1y,~1,-
= Qg - - Auiay(A A G A GE A LU Glezhagtag - ag!

1y 247 -1 —1 1
Giiag) N awanGiag) ag N agle - - Auin G 105 - diy

using the properties of the coset representatives.

Lemma 5.
dep = dapvep = d11.11p = dy
that is, the number of cosets in the double coset (M~ ))oc(m,G"P is independent of (£).

Proof.

dov = |M(¢)~1)|
&p 'M(p—l) A Gk» l
%&)p
From lemma 4, MY = |4 A N, a,_,|. Consequently
IME™D A Gl | =|A A Noyayoay o, AN GaZl =4 A Nooy s,
Thus
AN Ny o, |l
P Sl 1L L
&p |A A Nal...a,,| p
Lemma 6.

(M erg,G* = (agty) - - @) (MY 1)2,G*2).
The proof follows immediately from previous lemmas.
Lemma 7. The same left cosets of G*» are generated in the set {a.,%,G**} as in the set
{a8) - - - ApyBi11..1,0,G*?}. The proof is immediate from the previous lemma.
Lemma 8.

— -1 -1,-1
Qg) = Ay - - - Gyli1..16%) « - G0y Gy -
Proof
(p—l) — Zau M(p—l) A G::)
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and by lemma 6, and equation 10
r—-1),—1 -1 .,~-1
Ayl - QM HaG) - Gay g
— . -1 —1,-1
=2 (@ - - Aua11.1690) - 4G G )
a

(- 1) kpo—1 -1
X(ME™D A ag ... 00GEo5 - ag)

— (p—1) —_ (p— 1) kp =1 -1
=ME D =3 a(ME D Aay...a,G2ag - ag)
ag

Hence we can make the identification
A = Qgp aa ast . Catan!
() = Gy - - Gnaa1eiay oG G
Lemma 9.
Aoy - Q@) = Gy ey -+ Giyly = Q301 -
Proof. By lemma &
— ’ -1 -1
Ay = Qgyy - - Gy@11..160G) -+« GGy -
Therefore

Ay« + - Gy = Ay - Y plrrae-

Ay,

Next substitute for a,,, using lemma 8, and the final result is evident.

Hence we can rewrite the set
k)
{agag, - - awouas1.. 109G}
as

P
{a}.alu cea @1 18011.16%50 P}-

This now gives us a convenient method for linking the derived set with a set of double

cosets; for as we have noted already the only terms appearing
combination with

RPN SR ION- 29, S SN ST RO S AP, S
are those, and only those appearing in the double coset
(p— 1) ~kp, — (p— 1) k
(M7 Do, ,G* = (@@agy - - - B (MY 4 1)2,G™
— -1 k
= (a,a1,. .. 011...15)(M(1p1...%)°‘pG ’
giving a direct association between
-1 k -1 k
(ME™ Vo ,G*» and (M7 e, G

using the coset representatives a,, dy,,..:,dy. 1¢ €tC, Where {z,}
the order of the RHS being d d, ...d,—1 = d,,4,. ., as required.
A typical member of the derived set can be written as

aosky+a(ok,+ o Fagy 10tk) . ) = aaq,. ..

Lemma 10,
Z’ (Mtg)_l))“(é)kap = A“kaP

Asthyeris¥s€

in the derived set in

11

= {alalu Q11 10}
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where £’ implies the sum is restricted to those indices that appear in the expansions (8).
Proof.
Y (ME g, G = Y (a3a4,. .. a1 1 d(METH D2, GR
Asthyeii v, & Asbhyenns v,é

by lemmas 4 and 9. Now
! -1 -2
Z a11...1§M(1p1...1)1 = M(1p1...1)1
4 .

and
2) _ -3
Z a11.. 1vM(p ! M(1p1...}

etc, and the result follows.
This lemma tells us that within the derived set framework all the cosets of G*# in

Ao,,G*» are used up, and only these are used.
We can sum up in a theorem.

Theorem 1. Associated with a leading wvsR X o;k; = [ there exists a unique set (n-tuple)
of double cosets {(M¥ 1) pG"P} »=1 that completely specify the nature of the derived
set, in the sense that all relevant information is obtainable by using these double cosets
and various coset representatives outlined in the above lemmas.

As a result of the theorem, to obtain a new leadingwvsRr, one has to consider at least
one new double coset in the above n-tuplet
Consider the following expansions

G =Y An, G (124)
G = Z'(A A G¥Ya, ,G*  for each i (12b)
npij...k k i
Z (A /\ Gaxl.- /\ . Gap 111J k)apu le (126)
11

with the convention that &, 1, = ®,. Now given oy, o5, ..., %p—1j. x» the expan-
sions tell us the possible «’s that appear in ‘combination’, that is the set of double coset

representatives {a,; ). This can be represented pictorially as follows

« . . . &y X n
Ko Kt + c Kayp ;‘zn' - Y '°‘z|n2,- 2/
S TP Kyt Kyt '0(3//,7!(./
VT

defining a series of paths, each of which gives us a ‘leading’ wvsr.
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For example to obtain a new leading wvsr, change say the pth member in the set
{(M1,)o,G*}, that is alter o, = &,y,,.; tO %, 4, say. See equation 12(c). This
effectively moves us onto a new path in the diagram, and one now continues along this
new path making sure not to cross onto any other. Care must be taken, of course, if
we decide to change the nth entry, in that the new choice must ‘complete’ a path.

We can check up on the completeness of the procedure as follows. From equation
12(a),

A G
HrycaRdien
Similarly
5 |4 A GE |G
=14 A GE A GE ] IGR
for fixed i. Multiply both sides by |4|/|4 A G%!|and sum over i, that is
R IR B S B
TIANAGEAGE | IGM T 14 AGE| T IGMIGH
The procedure is continued, until eventually
A Gl"
i1 A N| T 1o ()
Nij...k...m = Ggﬂ- A G’EJ Ao A G’;:ij,.,k Gl;:u e

ThesumX;; , ., isover precisely the same double coset formation discussed above
in association with the derived set.
Now from the collection of selection rules (set S)

k@K, ®...® *k, =Y nl (14)
1

the identity equation

|G Gl

0,165~ % "GH 13)

relates the number of terms on each side of equation (14) and therefore from equations
(13), (15)
: |4]
i,j!z”:”mlA A N,

|G|
= 16
ij... m Z ’]Gl ( )
which is independent of the choice of A.

But |A}/|[A A Nij. ..l = di;.. is precisely the same number of Wvsrs that are
grouped together via the coset representatives {z,}, so that the set of derived sets (being
mutually exclusive), exhaust the set S(Zn,*l). The size and nature of the derived set of
course depends on 4.

Note that the group A operating on a vector /, can only send / into a member of *I.
As each pair of derived sets are mutually distinct, then there exists a subset of the set
of derived sets which is associated only with members of *I, and so

Gl
" d — =t
B = G
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2" implying that the sum is restricted to those leading wvsrs combining to give a
member of *I.
If A = G, then n € G* will be such that i — I, thus

. Zm dij...m =n (17)
[ 1

X" being the restriction to that subset of leading wvsrRs combining to give I
To illustrate some of the above ideas, we take as an example of the triple power of *W
from the asymmorphic space group Fd3m. For details on notation etc, we refer the
reader to tables in Davies and Lewis (1971).
Now *W Q@ *WQ® *W = 16*W+12*A+12*L
= (W, Co.W,C5, W, C5, W, C5, W, C53 W)
= (A, C,,A, C11A, C5 1A, CLA, C5LA)
= (L, C,,L,C,,L,C,,L).

Take W+ W+ W = C,,W as our starting leading wvsR, with 4 = G2 say. So
consider (a):G = Z;G*«,,G¥, compare (12a), o, = E, a;, = C3, where

GAEGY = (E, C,,,C3,,C;55)G¥
GACH,GY = (C3,, C1,)GY.

Next (b): G =Z;(G* A G¥)a,;;,G¥, compare (12b), with G¥ = «,;G"aj;', giving
{0‘211} = {E> C2za C;u C:isa C3_1}> {0‘221'} = (E, C;u C3"1, C;3)~

(c): G = Xk:(G“ A GY A Gl )ots 3 G¥ 5 Gl = oy,;G"u3;].
We quote results in the following diagram.
£
Em 8y
7 \
(£, CppyCarsCin C3) (£, C,,0C5Cayy Cgiy Cyy)

Gl
t\— ! N;
CE, GpC3i G35, O30 (£,C41, G5, Ciyy Cay) (6,G5,,C51,C5p)
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These diagrams define 26 + 18 = 44 leading wvsrs, for example, from
W+W+W=C,W

change the second entry W — C3, W, then we have a choice of five entries ; take C3; W.

So W+ C§, W+ C3, W = L is another leading wvsR.

To avoid confusion one must use the original labels for double coset representatives;
for example, one could take W+Ci W+ Ci; W as a leading wvsr, as long as
W+CiW+C5, W is excluded from the list. As C33e(G* A G A GZ,)C5,GY,
both are in the same derived set.

To check the completeness of this procedure, work out |G*/|G* A .GI¥ A G}, and
sum over the 44 leading wvsrs. In fact

G|

, |G| _ _
LA GY A om =26 = ;"’|G'|’

,J

compare (16), as required.
Let us now examine the case / = L, with again 4 = G*, and consider the nature of
the derived set.

An appropriate leading WVSR is

W+CyW+Cy W=L, A=G"=(EC,,,C,,0..04)
Form the expansion
G* =Y z,(G* A G¥ A C3,GYC5 A C5,G¥CE AGY) =) z,E.
Hence {z,} = G* i '
The derived set thus consists of 8 wvsRs, which are
W+C;W+CyW=1L C; W+ Ci\W+C,,W=C,L
W+C3 W+Cy3W=C,L CyW+ChLW+W=C, L
Co.W+CHiW+CuW=C, L CiyW+CHLW+C,,W=L
C,,W+CHW+CH W =C,,L Ci W+ CHLW+W=C,,L.

Note also that the frequency of each member of the star of L is the same. This is
in fact a general result, even if not all members of */ appear.
The structure is further emphasized by using
G= GA(Ea Cis C3—15 C3T3)GW+ GA(C;1 s C;—3)GW

This shows clearly that columns 1 and 3 contain only (E, C,,, C3y, C33)W while the
second column contains only, (C3;, C35)W.
Consider G* = Z,a,(G* A G”), see equations (2), (8), with {«,} = {E,C,,, C,},
that is, there are four different entries in the first column, with
C,,W=C, W, C,W=Cy,W, C,W =Cy,W.

For each 4, examine
a,CHh

da
GO A GY =Y a, (GO A GY AGYes)
“

compare (4), (8), and in this case {a,,} = E only, for all . Hence for each 4,
(G2 A G¥,)a,0,G¥ contains only one left coset of G¥, (see equations (7), (12)), telling
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us that with each a,W there is only one term appearing in combination—this can
clearly be seen from the example.
Also
Y a:{(G* A GM)C3,G"} = GAC3,6Y
A

(see equation (7) and lemma 10). Finally for each Ay,

M@ = ZamM A GY

aruCs 1)

(see equation (8)), we shall quote the results, thatisd; = 2,a,,, = d5,; =d3,; = a4, = E,
Qi1 = Qg3 = 0550315 = Q413 = Oy
From these results we see that in combination with W+ C3, W in the derived set, we
can have both EC;, W = C;, W and ¢,C5, W = C3, W, which ties up with the example.
Similar results can be generated for the other cases. We can show how the cosets
link up. For example with A = 3, u = 1, a, = CJ,, a,, = E, (see equation (12)).

(M(z))%paGW (MG )2313GY = (MP)ay a;0,G7.
Now
M@ =G* A GZ- A G, = Za31v(M31 A GE)
where a3;a;03 = C;,C5; = C;,. Therefore
(M$))az a30,G" = (E,C,,)G”.
Compare with
aya;,(MP)C3,6") = Ci(C5,6G%, C53G%) = (E, C,,)G".

A relevant practical example could be considered by taking 4 = G, I = A. One
could then scan through the 44 leading Wvsrs to find one giving A, that is,

W+W+CiW=A.
As |GY/IGY A GE., A G| = 4, the derived set contains 4 members with

(2 = (E.C,. CE)

and the derived set is
W+W+ChW=A
Co, W+ C,W+CisW = A
C; . W+C;W+Ci W =A
CHW+CHpW+CHW=A.

To find a new leading wvsr change the second entry from W to C;,W say, and
clearly a possibility is W+ C3; W+ W = A for a second leading wvsR. Again the order
of the derived set is 4.

Now an obvious practical choice for a third (and final) leading wvsrR would be
C3; W+ W+ W but this does not appear explicitly in the scheme of paths, but will
appear as C3, W+ C;, W+ C5, W = A, a member of its derived set as

CLCHW — C5,W, CiCsW - W.
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So these three leading wvsRks have (by coincidence) derived sets of order 4, and so as
the frequency of *A is 12, they are sufficient.

There are no more paths giving A, for if there were the overall completeness would
not be guaranteed.

3.2. Application of method

To calculate nth direct powers, we have to evaluate the coefficients

C Clljillg; PnV= !Gl z H /(D 73‘,

ReG i=

Use the usual substitution to express the character in terms of characters of the
appropriate small representation, that is,

Z Yi(R)JXR). (18)
So
|G| RgG 3% Z ] ( iUl &;p,( )J’;I(R)) SKJ(R)JQ(R)

As one can interchange the summation, this allows the sum over the translation
terms to be carried out. Put R = (S|t +7), thus

=:—(T;_|ia azz > H Yk {(Sles)hai( Slrs}é( i ajkj-l)

1,8 SENY 0y ans i= ji=1

where N, ; is the little co-group of N we =GR A LA GE A GY We write

30>

|T]
C=— Asroy. s (19)
|G! ‘11;12;,1n,5 om0
The definition of 4, , ;is obvious from (19).
Lemma 11.
Adﬂz..vdné = Aﬂxﬂzmﬁne’ with 'Bi =471
Proof.
Apyoas = 2 T ¥p{(olne) ™ (SIt) (et )}k {(Bl7) ~ 1 (Sle ) (dlry);
SeNzy .. .aps i=1
xS Y ocjkj—l).
j=1

In order to rewrite this expression consider

(7)™ (Sltg) (lT,) = (IT,) ™1 (Bl7,) (Slt,) ™ H(Sles) (Bl) (Bl Ts) ™ Hedl7,):

(Olty) " Hodt,) = (Bltg+12y)

putting
where
T+t =07 (t,— 1),

and t;, is a lattice translation vector. Also (8|t;) " 1(Sltg)(d|t;) = (Ulty+¢,) with
ty+1ty =6 HUts+1y—1,), and f, a translation vector. As U = 67'SS, then
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UeN,;,. 4, Thus
()~ (Slts) (olT,) = (BB~ (Uty —ty + ) (Blty) ™ (Ulry) (Blty).

Therefore

Yp{(ed) ™ Slrs) et} = Yi{(Bley) ™ (Ulty) (Bley)} exp{—ik. B~ (Uty+t,~1y)}

by using the properties of Y% as a small representation. Because UeGj, then
U~ 1Bk = Bk, and we have

explik . {7 Uty +1t,—1,)}] = exp(—ipk . t).

By substituting similar results, the expression becomes

Apayas = 2 H l/’glp.{(U|Tu)}*//f’{(Ul‘fu)}5( 2 ajkj_él)

UENﬁlﬁz B, i=

X exp{—i( %Bmkm—l) .tv}.

ST R T I

Now

so that
Aa,az,..a,,a = Am...ﬂne = Aﬂx-‘-Bn
with Ny, =06N, .07 "
The lemma shows that we can concentrate specifically on the wvsk Z,8:k; = /, and
the sum (19) is split into |G|/|G*| equal portions, that is,

C=m Y Appapn (20)

IG" B1B2...Bn

As we can concentrate specifically on the wvsks Z7_ | f,k; = I we are dealing with
the case A = G' mentioned above. So, consider the expansion

5 @

with the set of coset representatives {z,} having the properties outlined in lemmas 1, 2.
As each z, glves a different wvsr of the derived set, denote z 8; by f,; and

AgiBra.. B by Amz B

Lemma 12.
(e) = A(m
ABel-uﬂn Aﬂﬂi ﬂn
Proof.

o= T f[ WA {(zdt) (STt (ot} Uz STt 2t
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Denote z; 'Sz, by S,, then (z,]t,) ! (Slts) (z,]T,) = (S,lts,_+1) where

t=z (-1, +15+51,)—7s,.
So

An= T TR s exod =i | S g1}

SﬂeN;;I By, i=

X 5( Z z"ﬂiki-l)

using the properties of small representations. Now as z_ € G, then

exp{—it. ( Zﬁiki—l)}5( Zznﬁiki-l) = 5( Zﬁiki_l) ‘
Thus finally
AgiBZ ﬂn AA(Bei)-"ﬂn'

The lemma shows that the sum (20) can be split into various portions based on the
leading wvsrs and the completeness of this approach has been guaranteed previously
in this section, that is, by

Z dﬂl---ﬂn =1

(8)

(compare (17)). Z, is the restriction to those leading wvsrs combining to give . The
procedure for finding the relevant leading wvsrs has been laid down, where we have
G' for A. Thus

7]

— A R
@ Npyp ) Tl
or in the final form
e 1T
Coisiom =X Z H U, (St b (Ses)} (22)

B) ‘Nﬂl ﬁn‘ SeNg

where X signifies that the 6(Z,6,k;— /) term is automatically allowed for.
The result is identical to one obtainable by a natural extension of Bradley’s (1966)
work, but has been obtained by a totally different approach.

4, Symmetrized nth powers

We now wish to calculate the coefficient

[Co1" == ) G IR R)

]G| ReG
[%¥]™ being the character of the nth symmetrized power. It will be shown in § 5 that
one can concentrate specifically on a portion of the sum

C¥n) Y 1h(RMFYR).

lGl ReG
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Make the usual substitution to reduce to the character of the small representations
(see equation (18)):

Ci(n) = Y. 2 Ve, (ROWES, (RDIYR).

IGI ReG 24,8

Put R = (S|t5+1), so that R" = (S"|tg+t+S(tg+ )+ ... +S" " (15+19), and sum
over the translation group noting that

(o)™ (Slts+ (ol (

( ) S’) ) x (ot ™ H(Slts)(el1,).

Hence

1 T ;
Clm = T TS U (ST STeg)
165G
where @, , is defined by: (i) S"e Gk, (i) Se G}, (i) (1+S+ ... +5" Yok = 6l and
the X’ is included to show that the wvsr of condition (iii) must be satisfied. Write

" 7!
Clim = T 1B

115

with B, ; defined in the obvious way, then:

Lemma 13.

B,s= By, By =96 ta,

37

The proof is straightforward along the lines of Lemma 11.
Using lemma 13 we have

. T
C’( )_—Z|‘Gll\ B1° (Blh :Bﬁxe)
and
By, = SZ Wk { (Slrs) W *{(Seg)} (23)
€Qp,

where O, is defined as:
() S'eGk, (i) Sed, (i) 1+S+ ... +S" )k =L

We note that either (i), (iii) or (i), (iii) would suffice to define the set.

Write §/7'8, = B, and consider the expansion G' =X,z N, . . proceeding in
exactly the same way as for ordinary powers by using the notion of leading and derived
sets of WvsRs, and splitting the sums into sets of order |G|/|N,, _, | (see lemma 12), and
so we have the analogous lemma:

Lemma 14.
n) — RBle)
B;’ 1) - Bﬂx'
The proof is straightforward. Thus we can write

=X T S g (S e 24)

n @ 'Nlh Bnl SeQp)
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() or B(B, ... B, implies summing over all leading wvsrs. The symbol (8, ... £,
is included to emphasize that all 8, must be considered, that is, 8, ... 8, could be, and

often is, different for the same . X" signifies that although we sum over the same leading

WVSRs as for ordinary products, not all of these will contribute to C¥\(n) because of the

special form that the wvsR must take, that is, its obvious dependence on S. So, faced
with the various leading Wvsrs one must endeavour to find a routine that will help
identify those that contribute. '

We emphasize that in the portion of the sum By, (equation (23)) we are concerned
with one WvsR, and clearly Q;, = Q, has to be non-empty.

Lemma 15.

Sﬁﬂxpz...ﬁn = Qﬂl(ﬁz---ﬂn)(= Q(ﬁ))'

That is, Qj,s,.. 5., is the coset of Ny, with respect to G

Proof.
If S, TeQ then

n—1 n—1
Y Sk =1, Y Tigk=1
i=0 i=0

and T?B.k = S?B,k for all p, that is,
TT? 1Bk = SSP~ 1B,k

implying

STITR Kk = Bk, vp.
Thus

ST'TeNy, s
that is,

TeSNg, 4.

As a consequence Q| = [Ny, 51

Lemma 16.
Qg m = pél Boe1G B, Y, (B.+:G* = B.GY).
Proof.
If Se Qg then
(@) SB,G*— B,+,G", Vp
(b) S"eGy,.

Condition (g) replacing S'8,k = I
From (a) 8, 1,SB,€ G*, Vp, thatis, Se B, ,G*B, ', s0 Se N B, ,G*B, .
Conversely if S€ N ,B,.,G*B; !, then (a) S f,, ,G*B, ", Vpimplying SB .k — B, 1k;
and (b) S"e B,G*B; 1 B,G*B; L, ... BsG*B; *B,G*BT ' € G§,. Hence S€ Q.
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Alternatively we can write
05,60 = mn=1,.. 2, DN, 4 (n,n—1,...,2,1)
being a permutation symbol meaning S(8, ... 5,)— (B, ... B.B.).

Lemma 17.
110;,4,..50 # & then G'BG* = G'B,G*, Vi,

Proof.

Assume Q) # ¢, then 3S so that S; ' = B,k implying B,€G'S,G* Vi Hence
G'B,G* = G'B,G*Vi,j. Certainly if G'8,G* # G'8,G* then 0y, 5, ,, = ¢

Now there may exist an integer i < n for which §’e G% . There are three cases:

(i) i = n, that is, "€ G5, and is the least such n. If we assume that there exist
integers p,q < n such that S?f,k = $78,k implying $? %€ G, we arrive at a con-
tradiction as p ~ g < n. Hence all the coset representatives f, to f, involved in the
WVSR must be distinct.

(ii) i = 1, thatis, Se Gj and §, = B;foralli,j < n.

The WVsR can be written as nf,k = I with Q) = G}.

(ili) i < n, with i # 1, so that S'e G¥ ,5'"' ¢ Gk . Choose i to be the least such
integer. For integers p, q < i, S¥8,k = S6,k.

Lemma 18.

i divides n.

Proof.

This is obvious in cases (i), (ii). In case (iii) we assume not. Then n = pmodi, p < i.
But as $"e G} , and S'e Gf, then SPe G¥,. This is a contradiction as i was assumed to
be the smallest such integer.

As a result each wvsR has a unique factorization and can be written as

(I+S+ ... +8"YBk+ ... +(1+S+ ... +8 YHBk = I(j times),
or formally as j(1+S+ ... +S "8,k =1 (i = n). The group of this equation is
G'AGj A...AGfandnot G' A G A ... A G
Lemma 19.

If a leading wvsR has j blocks of ‘size’ i, then all members of the derived set have the
same structure.

For a leading WvsR written in the form j(f, + ... + )k = I, then

i
s} — _ kp-1
L rgatn = Losoapo = L B 1B,

Again we have the permutation property in the sense that S(8,8, ... 5) — (8,85 ... B,81)

We now sum up. Presented with a leading wvsR Z, f,k = ! in conjunction with the
sum (24), then the wvsr contributes only if Oy 5, 5(= Qs = Q) # ¢. O, can be
defined as a set of elements S, such that

(i) Sec (i) S"e G, (i) (1+S+...+S" Yk =1,
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or can be calculated directly from
Q) = pélﬂpﬂGkﬂp_l-
When in block form
Qp =, él BperG By

The following pomts are useful practically: (a) Qy, # ¢ only if G',G* = G'B,G*,
Vij, (but not conversely). (b) If Bk, Bk, B,k # B,k appear in the leadmg WYVSR, then the
frequency of appearance of both must be the same if the leading wVsR is to contribute
(hence block structure). (c) If (b) is satisfied, then G' must contain elements of order i,
with jj = n. (d) If (a) is satisfied, and we have a block structure, then

G'f,G* = G'8,G*, l1<m<i

Hence |G/IG' A Gk | > i

For space groups one can draw further simple conclusions.

{i) As space groups contain only 2, 3, 4 or 6 fold rotational elements, for n > 6, the
leading wvsrs must split in the manner indicated above. If n is prime, and n > 6, then
we need only concern ourselves with cases nk = I,

(ii) Forn = 12, (glt,) € G, then g'? = E always, which leads to great simplifications.
Similar conclusions can sometimes be drawn for powers less than 12, depending on the
nature of the space group.

We take as an example the fourth symmetrized power of *X in Fm3m (see Chen et al
1968, Davies and Lewis 1971 for notational details). Now

AR *X® *X® *X = 21 *T'+20 *X,

*XO *X® *X® *X = 6*T+3*X.
We start by taking A = G*, and

X+X+X+X=T

as a typical leading wvsr. We can set up the following diagram

£ C3+| G
(£,c) (£,CF,C) CE, G, Cap)

defining 14 leading wvsks. We can pick out the 4 relevant leading wvsRs
X+X+X+X=T, X+X+C{X+C{X=T,
X+C3 X+X+Cj X=T, X+CX+C7 X+X=T.
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Note that the orders of the derived sets are respectively 3, 6, 6, 6, giving a total of 21, as
required.
Now take 4 = G, starting again from

X+X+X+X=T

the following diagram is produced

£
E T E\C;_/i

E GGy m;l £ 03 Goi
LE,CH, G

defining 12+27 = 41 leading WVSRs.
The following are the leading wvsRs giving X:

(E+E+C5+Ci)X, (E+C3,+E+C3)X,
(E+C3,+C5,+E)X, (C}+E+E+C;)X,
(CH+C3+E+EX, (CI,+E+C; +EX,
(C31+C3,+C5H +C3))X, (C3+C5,+C5 +CiX,
(C3+CI+C5 +CH)X, (C3+C5, +C5, +C3)X.

All 10 have derived sets of order 2, giving ny = 20 as required.
Letus now consider the evaluation of (X, 1 G)®(X, 1 G)®(X, 1 G)®(X, 1 G) = H,,
(X, = X7). Adopt the notation

H, =X,1G, H, =(X,16)0X,10),
Hy =X, 160X, 1G)O®X,16), HH,;=HQH,
AllH,, H,, H; are known. Analysis of the character relations gives us

H, = {H{+C@)~H?H,+H H,+1H2
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C(4)is the total contribution from terms such as (24). Using resultsin Chen et al(1968) we
get

H, = CT @)+ C*@)+ 3T +4T2+IT12 4+ 2(X, 1 G)+ X, 1 G.

where CT(4) = 1=, CIT (4T, C*4) = {Z, CTX4) (X, 1 G).

Firstly let us deal with C*(4), clearly the only leading wvsRs that contribute are
4X =T and 2(X+C3,X) = I the latter being in the block form 2(E + C,,)X. For the
former Q) = G, for the latter Q) = C3,G* A G*C5, = (Cyy, Cyp, CER(E,I) = 0.
Note C,, X = C;, X, where we associate S = C,,, $* = E. Then

Xr
Clv

ifie T vEE O visTs)

SeGX SeQ

If

i 3, vt 3 ot

SeG SeQ
giving
Cld) = HT'+T124T1-T?
=1 -ir24ir2,
Clearly none of the leading wvsrs giving X will contribute to C*(4).
Hence
H, =2 +2I'?+2(X, 1 G)+X,16G.

Note the dimensionality checks with the result

XO *X® *XO *X = 6 *T +3*X.

5. Comments on evaluation of [x]™

Using the notion of symmetric functions on the eigenvalues of a matrix, we have the
following results. (The notation adopted is that in Littlewood’s book (1959).)

™(R) = h,, {x}(R) = a,
AR = S,,

{ } denotes symmetrized powers. Also y(R) = h; = a, = S,.
Then

2 Sl - 0
mih, =| .. (25)
. ] 0
—m+1
S, S,._, .8

This is the character relation expressing [y]™(R) in terms of x(R’), 1 <j < m. But S,
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can be expressed entirely in terms of h , by, hy by the determinant relation

P p IEREE
hy, 1 00 ... 0
2h, hy 1 0 ... 0

5, = (—1y~! - (26)
0
1
php hp—l hl

By using (25) and (26), h,, can be expressed completely in terms of h,,_,, h,_,,..., h,
and S,,. These results are expressed in the following lemma.

Lemma 20

For all finite dimensional representations I';, character y;, of an arbitrary group G, the
nth symmetrized power can be evaluated by examining

*
" 561 5, R
only, assuming that (n—1)th and lower symmetrized powers are known. (That is, the
hy_y,h,_5,..., 0, leaving only S, ‘unknown’.)

This gives us a convenient induction technique. Further, if the dimension of the
representation I'; is n—1 or less, then g, = 0, that is the nth antisymmetrized power is
zero, and one can express h, completely in terms of 1, p < n by

hy 1 00 ... 0
hy By 1 0 ... 0
a,=0= : 27)
T
hy h,_y hy

This has useful consequences especially if one wishes to calculate high symmetrized
powers.

6. Direct square products (n = 2)

The result is obtained direct from the general case. Putting &, =k, k, = m, I = h etc,
equation (22) becomes
m 1T ™
C‘;qrh Z m Z :p{(srtS)}l//ﬁq{(sltS)}d/;kh{(sl‘rS)} (28)
(@) |l SeL.,
which is based on wvsRs ak+ ffm = h. The sum is taken over the relevant leading
wvsRs, and indexed by «(f) showing that f is entirely dependent on «. The symbol ¥’
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serves as a reminder that the various «, § must satisfy ak+fm = h:
L,=G"AGf=N, =G* A Gk A G

New leading wvsrs are constructed by examining the expansions G = X, G*»,G*, and
G = X;L,f,G™ The fact that n = 2 obviously leads to simplifications in practical
examples.

These results are identical to those of Bradley’s (1966), who gave a rigorous subgroup
derivation based on Mackey’s work.

7. Symmetrized squares

From the general equation (24)

Ci) = T3 B U H{sieg)
2|L l SeQu

Define 9, by (i) S € G*, (ii) §? € G¥, (iii) ak + Sak = h, noting that (i), (ii) or (ii), (iii) would
suffice to specify Q,. In fact §, is a coset of L, in G*, with 0, = «G*f~* A G*

As []P(R) = 1(*(R)+ z(R?)) the x*(R) being presumed ‘known’, then the fact that
C’;:'(Z) is sufficient to determine the problem is a trivial application of § 5.

Condition (iii) must be kept in mind when running through the leading wvsgs.
Those not capable of being expressed in this form will not contribute to CkH(2).

We now draw a comparison with this form of the result, to that obtained by Bradley
and Davies (1970).

8. Comparison with Bradley and Davies

Initially ideas equivalent to Bradley and Davies’ (BD) self- and nonself-inverse double
cosets are derived, and the notion of self- and nonself-inverse wvsrs is defined.
Consider the wvsks ak + Sk = h. This is termed a self-inverse wvsr if and only if there
exists heG" such that hak = Bk. This implies G*aG* = G*SG* and can be taken as a
criterion for interchangeability of the coset representatives within the wvsr framework
(cf lemma 17).

Now G"ocG" G"BG* implies G*«~1G"* = G*B~'G". So, there exists a k'€ G* such
that K«"'h = B~ *h. Rewrite ak+fk =has k+o 'Bk=horas B 'ak+k=""h
and we can quickly see that we must have G*a~ 1 G* = G*B~1aG*, that is, a self-inverse
double coset (cf BD).

Similarly a nonself-inverse wvsr implies G*«G* # G*BG* and consequently

ku"18G* # G*B~'aG* a nonself-inverse double coset.

Hence we have established a direct link between the two ideas.

Clearly G*a 'BG* = G*B~'aG* is a necessary and sufficient condition for

aG* B~ A G* = Qa to be non-empty. Similarly G*»G* = G*BG* implies G* A fG*y !
and G* A «G*B~! are non-empty, implying @, is non-empty.

The method of BD can be regarded as a ‘fixed &’ approach, whereas the results here
can be termed a ‘fixed &’ approach. With the above observations the two approaches
can be easily reconciled.
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9. Symmetrized cubes

From the general theory, equation (24) gives

Crd) =3 il Y VhpiBIte* i {(Slts)}, (29)

’ 8) |N131/72!33| SeQp)
0y = Op.(p.5, defined by: (i) S* € G}, (i) Se G*; (ii)) 1+S5+S5%)8,k = / and we can
write

—Q—Bl(ﬂzﬂ;;) = (132)Nm/32ﬁ3 = ﬂ1Gkﬁgl A ﬁsékﬁz_l A ﬁzékﬁx—l-

In this case Q. # ¢ only if (cf lemmas 15, 16, 17): (i) ,G* = B,G* = B,G* or (ii)
B,G*, B,G*, B;G* are all different cosets of G* within the double coset G'f; G*. Hence
|GG A Gk | = 3.

Note: (a) there could be several leading wvsks with the same value of 8. (b) If
S e Q. then S* € Q'(f), which performs a (123) permutation on the coset representatives
in the Wvsr B k+ fk+ Bk = I:

Qi = B1G By " A B,G*B3 1 A B3G*BT?
and is also a coset of N ;.. with respect to G'. Q' # Q unless Se€ Gj,. (c) There is

no necessity for (1 +S+ S4B,k = I and (1 +S*+S)B,k = I to be related; indeed they
could be different leading wvsrs.

Lemma 21.

If Se€ Q,, then $*7 = E, (p integer).

Proof.

Assume this is not true, then:

(a) 3 integer x such that §* = E, with x = 1 (mod 3) or (b) 3 integer y such that
$¥ = E with y = 2 (mod 3). For (a) §* = E = $3™*! m integer. But as S*e G% then
S3" e Gk, implying S* € SG%, a contradiction. Similarly for (b). Hence S°? = E.

This is sometimes of use in practical examples, for instance, if G' does not contain a
three-fold rotational element, then Q'(,,) is automatically empty.

The full problem is evaluated by noting (see § 5)

I®(R) = 3RYF(R) + 24R*) +31:(R) — 52 (R)..

Hence

T ® T ® =Tl o1 _%(Fi QI+ Z Cij(3)rja (30
J

I'; is the representation, y, the character.

As an example we briefly outline a calculation based on the space group Fd3m.
See Davies and Lewis (1971) for the notation, tables and references.

Now *X® *X® *X =6*T+7*X, and *X® *X® *X = *I'+3*X. There-
fore to calculate (X, 1 G)® (X, 1 G)® (X, 1G),Icanbe For X. G = (E,C3,,C5,)GX

For [ = T aleading wvsr is X+ C;; X+ C;; X =T

Q(ﬂ) = (C3—1 ’ C3_2’ C3_3’ C;&i) ® (E’ I)) Nlhﬂzﬂs = (E, C2x9 CZy, sz) ®(E, I)
Now as np = 6, and (|G"/|N,4,5,) = 6, only one leading wvsR is needed.
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So equation (29) becomes

1

1
X(3) = = —
sz( ) 3 lNﬂlﬁzﬁsl s

2 UH{SIts)* Y {Site)}-
€Q5)
The ‘T contribution is thus CT(3) = {('1* + 2% —T'12%),

For I = X, we have 4 leading wvskRs X+ X+ X, C; X+ C;, X+ X, C; X+ X+Ci, X,
X+C;X+CiX. (Note G=G*EG*+G¥*C3,,C5,)G¥). Clearly only the first of
these will contribute ; and for this Q5 = N 5,5, = G*. Therefore

Ly (Sl (Shg)

EHOET)
SeG*¥

The total ‘X’ contribution C*(3) = (X, 1 G)
C'3)+C*3) = = +T2* -T*'2* + X, 1 G).

Now (X, 16)® (X, 16 ®(X,1G) and ~3(X,16G)® [(X,1G6)® (X, 1G)] can be
easily obtained from known tables.
Finally using (30) where Z,CY(3)["; = C"(3)+ C*(3)

X21600 X, 160X, 16) =T "+ "+ +T?°7 +2(X, 1 G)
+4(X, 16+ X5 1G+X,1G.

10. Discussion

The calculation of selection rules for crystallographic processes is a well known problem,
and in this paper subgroup formulae have been derived from the standard full-group
formulation. As mentioned, this is in contrast to the subgroup technique used by
Bradley (1966) and Bradley and Davies (1970) in adapting Mackey’s work on direct and
symmetrized squares.

Zak (1966) was the first to make an attempt at deriving subgroup formulae from the
fullgroup approach, and the error in his work (on direct squares) is corrected here by
including a completeness relation (see § 3). Hence the notion of a double coset is in-
troduced and its utility in practical examples is evident, (eg the diagrams in §§ 3, 4)
especially in the work on symmetrized powers. Streitwolf (1969) has also derived
results from n = 2 using a similar approach to this paper. Raghavacharyulu (1964)
also obtains formulae of a similar type, but his work contains some errors, for example
equation A, p 10, and equation 22, p 15.

The general case (arbitrary rn) proved illuminating in that the method emphasized
the similarities between the problem for symmetrized squares and symmetrized cubes,
and demonstrated its usefulness in that only one term (the y(R") remains to be evaluated
(see § 5).

For higher power calculations, the facility of choosing leading wvsrs is crucial to
the practicality of the method. The double coset diagrams of § 3, 4 could often get too
unwieldy to handle (especially for points of low symmetry in the Brillouin zone), and the
optimum approach in solving an actual problem is to keep in mind both subgroup and
full-group approaches, the latter outlined by Birman (1962). Of course, one also has
to keep in mind possible ‘short cuts’ in all cases. For example, in the text we used
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*W® *W® *Wwith A = G, which has 44 leading wvsrs, of which only 3 are needed
for therelevant portion of the sum. These can often be chosen by a more ad hoc approach ;
the general method only to be relied upon in difficult situations.
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